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Abstract
We introduce notions of tilings and shellings on finite simplicial complexes, called
Morse tilings and shellings, and relate them to the discrete Morse theory of Robin
Forman. Skeletons and barycentric subdivisions of Morse tileable or shellable sim-
plicial complexes are Morse tileable or shellable. Moreover, every closed manifold of
dimension less than four has a Morse tiled triangulation, admitting compatible dis-
crete Morse functions, while every triangulated closed surface is even Morse shellable.
Morse tilings extend a notion of h-tilings that we introduced earlier and which pro-
vides a geometric interpretation of h-vectors. Morse shellability extends the classical
notion of shellability.
Keywords : simplicial complex, shellable complex, tilings, barycentric subdivision,
discrete Morse theory, triangulation
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1 Introduction
We recently [15] introduced a notion of tilings of a finite simplicial complex K. It is a
partition of K, or rather of the underlying topological space, by tiles. A tile is a closed
simplex deprived of several facets, that is of codimension one faces. In each dimension n,
there are thus n + 2 different tiles, denoted by T n0 , . . . , T
n
n+1 depending on the number of
facets that have been removed, and the closed simplex ∆n itself is one of them, namely
T n0 , while the open simplex is another one, namely T
n
n+1. Not all simplicial complexes
are tileable, but skeletons and barycentric subdivisions of tileable simplicial complexes are
tileable by Theorem 1.9 of [15]. These tilings provide a geometric way to understand the
h-vectors of finite tileable simplicial complexes, see [9, 17, 19] for a definition. Namely, if
hnk denotes the number of tiles T
n
k needed to tile a complex K, then (h
n
0 , . . . , h
n
n+1) coincides
with the h-vector of K provided that hn0 = 1 and in general, two tilings of K have the same
h-vector (hn0 , . . . , h
n
n+1) provided they have the same number of tiles T
n
0 , see Theorem 1.8
of [15]. These tilings appeared to be useful to produce packings by disjoint simplices of
the successive barycentric subdivisions Sdd(K), d > 0, see § 5 of [15]. They actually also
seemed to be closely related to the discrete Morse theory of Robin Forman [8] even though
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this aspect has not been investigated in [15]. The tiles T n0 behaved as critical points of
index zero, the tiles T nn+1 as critical points of index n of a Morse function and the other
ones as regular points. No analog though of critical points of intermediate indices. We
now fill this gap.
We define a Morse tile to be a closed simplex deprived of several facets together with
a unique face of possibly higher codimension. It is critical if and only if this codimension
is maximal, see Definition 2.4. A Morse tiling of a finite simplicial complex is a partition
by Morse tiles such that for every j ≥ 0, the union of tiles of dimension greater than j
is a simplicial subcomplex, see Definition 2.8. The previous notion of tiling, due to its
relation with h-vectors, is now called h-tiling and slightly generalized to allow for tiles of
various dimensions, see Definition 2.11. We moreover define a Morse shellable complex
to be a finite simplicial complex K admitting a filtration ∅ ⊂ K1 ⊂ . . . ⊂ KN = K by
simplicial subcomplexes together with a Morse tiling such that for every i ∈ {1, . . . , N},
Ki \Ki−1 is a single Morse tile, see Definition 2.14. Replacing Morse tiles by basic tiles in
this definition, we recover the classical notion of shellability, see Lemma 2.15 and [10, 19]
for instance. These definitions actually extend to a larger class of sets, the Morse tileable
or shellable sets, see §§2.2 and 2.3. We prove the following tiling theorem, see Corollaries
2.10, 2.20 and Theorem 2.17.
Theorem 1.1. Skeletons and barycentric subdivisions of Morse tileable (resp. shellable)
sets are Morse tileable (resp. shellable). Moreover, every Morse tiling on such a set induces
Morse tilings on its barycentric subdivisions containing the same number of critical tiles
with the same indices.
This tiling theorem relies in particular on the fact that the first barycentric subdivision
of a Morse tile is itself a disjoint union of Morse tiles, see Theorem 2.18. Given a Morse
tiling on a finite simplicial complex K, we also deduce packings by disjoint simplices in its
successive barycentric subdivisions, see Proposition 2.23. Such packings were used in [15]
to improve upper estimates on the expected Betti numbers of random subcomplexes.
We then associate to every Morse tiling a set of discrete vector fields in the sense of
Robin Forman [8] which are compatible with the tiling, see Definition 3.11. Their critical
points are in one-to-one correspondence with the critical Morse tiles, see § 3.2. Moreover,
due to Theorem 9.3 of [8], these vector fields are gradient vector fields of discrete Morse
functions provided they have no non-stationary closed paths, see §3.1. We provide a
criterium for the latter condition to be satisfied, Theorem 3.14, that applies to Morse
shellable complexes. Every Morse shelling on a finite simplicial complex is thus a Morse
tiling for which any compatible discrete vector field is the gradient vector field of a discrete
self-indexing Morse function, see Corollary 3.15. We prove that this result applies to all
triangulations of closed manifolds in dimension one and two. Indeed,
Theorem 1.2. Every closed triangulated manifold of dimension less than three is Morse
shellable.
In dimension three, we are able to prove the existence of Morse tileable triangulations.
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Theorem 1.3. Every closed manifold of dimension less than four admits a Morse tiled
triangulation such that moreover every discrete vector field compatible with the tiling is the
gradient vector field of a discrete self-indexing Morse function.
Not every Morse tiling shares the property of the ones given by Theorem 1.3 and many
simplicial complexes are not Morse tileable, see § 3.6. It would be of interest to find a
triangulation of a closed manifold which is not Morse tileable. Given a Morse tiling on a
closed triangulated manifold, there are many different compatible discrete vector fields and
thus many associated discrete Morse functions in the case of Theorems 1.2 and 1.3, but
they all have the same number of critical points with same indices. These critical points
are in one-to-one correspondence with the critical tiles of the tiling, preserving the index.
Such a Morse tiling thus provides an efficient way to bound the topology of the manifold.
Corollary 1.4. Let X be a closed triangulated n-manifold equipped with a Morse tiling T
admitting a compatible discrete Morse function. Then, each Betti number bk(X) of X is
bounded from above by the number of critical tiles ck(T ) of index k of T and the Morse
inequalities hold true, namely
∑k
i=0(−1)k−ibi(X) ≤
∑k
i=0(−1)k−ici(T ) for every 0 ≤ k ≤ n
with equality if k = n.
It would be of interest to extend Theorem 1.3 to all dimensions. We also actually do
not know which are the closed three-manifolds that admit an h-tileable triangulation, see
§3.6.
The second section of this paper is devoted to Morse tiles and tilings and the proof
of Theorem 1.1 while the third one is devoted to discrete Morse theory and the proofs of
Theorems 1.2, 1.3 and Corollary 1.4, given in §§ 3.3 and 3.5 respectively.
Acknowledgement: The second author is partially supported by the ANR project
MICROLOCAL (ANR-15CE40-0007-01).
2 Morse tilings
2.1 Morse tiles
Let us recall that an n-simplex is the convex hull of n + 1 points affinely independent
in some real affine space and that the standard n-simplex ∆n is the one spanned by the
standard affine basis of Rn+1, see [13]. These are all isomorphic one to another by some
affine isomorphism. A face of a simplex is the convex hull of a subset of its vertices.
For every n > 0 and every k ∈ {0, . . . , n + 1}, we set T nk = ∆n \ (σ1 ∪ . . . ∪ σk), where
(σi)i∈{1,...,n+1} denote the facets of ∆n, that is its codimension one faces. In particular, the
tile T nn+1 is the open n-simplex
◦
∆n and T
n
0 = ∆n is the closed one. These standard tiles
were introduced in [15] and one of their key properties is the following.
Proposition 2.1 (Proposition 4.1 of [15]). For every n > 0 and every k ∈ {0, . . . , n+ 1},
T n+1k is a cone over T
n
k , deprived of its apex if k 6= 0. Moreover, T n+1k is a disjoint union
T n+1n+2 unionsqT nk unionsqT nk+1 unionsq . . .unionsqT nn+1. In particular, the cone T n+1k deprived of its base T nk is T n+1k+1 .
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Proof. If k = 0, T n+10 = ∆n+1 = c ∗ T n0 , where c denotes a vertex of ∆n+1. If k > 0,
T nk = ∆n \ (σ1 ∪ . . . ∪ σk) by definition, where σi is a facet for every i ∈ {1, . . . , k}, and so
(c∗T nk )\{c} = (c∗∆n)\((c∗σ1)∪. . .∪(c∗σk)). However, c∗∆n = ∆n+1 and θi = c∗σi is an n-
simplex, i ∈ {1, . . . , k}. It follows from the definition that T n+1k = (c∗T nk )\{c}. It is the cone
over T nk deprived of its apex c. The base T
n
k of this cone is the intersection of T
n+1
k+1 with the
base θ = ∆n of the cone ∆n+1 = c∗∆n. Thus, T n+1k \T nk = (c∗∆n)\(θ1∪. . .∪θk∪θ) = T n+1k+1 .
The result holds true for k = 0 as well, since by definition T n+11 = ∆n+1 \∆n = T n+10 \ T n0 .
By induction, we deduce that for every k ∈ {0, . . . , n + 1}, T n+1k ∩ ∂∆n+1 is the disjoint
union T nk unionsq . . . unionsq T nn+1.
Definition 2.2. A basic tile is a subset of a simplex isomorphic to a standard tile T nk
via some affine isomorphism. The integer n ≥ 0 is the dimension of the tile while k ∈
{0, . . . , n+ 1} is the order of the tile.
The j-skeleton of a tile T nk is by definition the intersection of the j-skeleton of ∆n
with T nk ⊂ ∆n. Proposition 2.1 provides a partition of the (n − 1)-skeleton of T nk by
basic tiles and by induction it provides a partition of all its skeletons by basic tiles of the
corresponding dimensions.
Proposition 2.3. For every n ≥ 0, every 0 ≤ k ≤ n+ 1 and every j ∈ {k− 1, . . . , n}, any
partition of the j-skeleton of T nk given by Proposition 2.1 contains only tiles of order ≥ k.
Moreover, it contains a unique tile of order k which is the trace of a j-dimensional face of
∆n on T
n
k . If j < k − 1, the j-skeleton of T nk is empty.
Proof. This result is given by Proposition 2.1 when j = n− 1 and T n−1k is indeed the trace
of a facet of ∆n on T
n
k , since it is the intersection of the subcomplex T
n−1
0 unionsq . . . unionsq T n−1k
of ∆n with T
n
k , while T
n−1
0 unionsq . . . unionsq T n−1k−1 is disjoint from T nk . The result then follows from
Proposition 2.1 and a decreasing induction in general.
Let now τ be a face of ∆n not contained in σ1∪ . . .∪σk and let l be its dimension which
we assume to be less than n−1, so that k ≤ l+1 < n. We set T n,lk = ∆n\(σ1∪ . . .∪σk∪τ),
it is uniquely defined by k, l, n up to permutation of the vertices of ∆n.
Definition 2.4. A Morse tile is a subset of a simplex isomorphic to a standard tile T nk ,
k ∈ {0, . . . , n + 1}, or a tile T n,lk , 0 < k ≤ l + 1 < n, via some affine isomorphism. It is
critical when l = k− 1 and k is then said to be its index, while ∆n is critical of index zero
and
◦
∆n critical of index n. It is regular otherwise.
For every n ≥ 0 and k ∈ {0, . . . , n}, we also denote the critical Morse tile of index k
by Cnk = T
n,k−1
k . In the case k = 0, C
n
0 = ∆n is the standard n-simplex while C
n
n is the
standard open n-simplex. The tiles T n0 \T l0 have been excluded in Definition 2.4, they turn
out not to be needed to get Theorems 1.1 and 1.3.
The next lemma computes the contribution of each tile to the Euler characteristic of
a tiled simplicial complex. Recall that the Euler characteristic is additive and may be
computed with respect to the cellular structure of the simplicial complex, given by open
simplices.
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Lemma 2.5. For every 0 ≤ k ≤ n, χ(Cnk ) = (−1)k. Likewise, for every 0 ≤ k ≤ l ≤ n−1,
χ(T nk \ T lk) = 0.
Proof. If k = 0, T nk = C
n
0 is the standard simplex ∆n, so that χ(T
n
k ) = 1. If k = n + 1,
T nk = C
n
n is the open simplex, so that χ(T
n
k ) = (−1)n.
For every n ≥ 1, T n1 = T n0 \T n−10 has vanishing Euler characteristic. By Proposition 2.1,
for every n ≥ 2, T n2 = T n0 \(T n−10 unionsqT n−11 ) satisfies χ(T n2 ) = χ(T n0 )−χ(T n−10 )−χ(T n−11 ) = 0.
Then, by induction on k, for every k ≥ 1 and every n ≥ k, T nk = T n0 \ (T n−10 unionsq . . . unionsq T n−1k−1 )
has vanishing Euler characteristic so that any basic tile has vanishing Euler characteristic
unless it is isomorphic to an open or a closed simplex. Then, for every 0 < k < n,
χ(Cnk ) = χ(T
n
k ) − χ(T k−1k ) = 0 − (−1)k−1 = (−1)k by definition and the additivity of the
Euler characteristic. Likewise for every 0 ≤ k ≤ l ≤ n−1, χ(T n,ln ) = χ(T nk )−χ(T lk) = 0.
Proposition 2.6. For every 0 ≤ k ≤ j ≤ n, the j-skeleton of Cnk admits a partition by
basic tiles isomorphic to T jl with l > k and a unique critical Morse tile isomorphic to C
j
k.
This skeleton is empty if j < k. Likewise, for every 0 < k ≤ l < n − 1, the j-skeleton of
T n,lk is empty if j < k, admits a partition by basic tiles isomorphic to T
j
m with m > k if
k ≤ j ≤ l together with a unique tile isomorphic to T j,lk if l < j ≤ n.
Proof. By definition, Cnk = T
n
k \T k−1k and by Proposition 2.3, the j-skeleton of T nk is empty
if j < k−1 and admits a partition by basic tiles isomorphic to T jl , l ≥ k, with a unique tile
of order k. The latter contains the unique (k−1)-dimensional tile of order k. The j-skeleton
of Cnk thus inherits a partition by tiles isomorphic to T
j
l with l > k and a tile isomorphic
to T jk \T k−1k = Cjk. In particular, it is also empty if j = k− 1 by Proposition 2.3. Likewise,
T n,lk = T
n
k \T lk and by Proposition 2.3, the l-skeleton of T nk admits a partition by basic tiles
isomorphic to T lm with m ≥ k, the tile of order k being unique. The l-skeleton of T n,lk thus
inherits a partition by basic tiles of order m > k. It then follows from Proposition 2.3 that
the same holds true for the j-skeleton of T n,lk with j ≤ l, these skeletons being empty if
j < k. Finally, if j > l, we deduce from Proposition 2.3 that the j-skeleton of T n,lk admits
a partition by tiles isomorphic to T jm with m > k and a tile isomorphic to T
j
k \ T lk = T j,lk .
Hence the result.
Proposition 2.7. For every 0 < k < n, (c ∗ Cnk ) \ {c} = T n+1,kk . Moreover, this cone
deprived of its base Cnk is C
n+1
k+1 . Similarly, for every k ≤ l ≤ n−1, (c∗T n,lk )\{c} = T n+1,l+1k
and if this cone is deprived of its base T n,lk , it is T
n+1,l+1
k+1 .
Proof. By definition, Cnk = T
n
k \ T k−1k , so that (c ∗ Cnk \ {c}) = (c ∗ T nk ) \ (c ∗ T k−1k ) =
T n+1k \ T kk = T n+1,kk . If the cone is deprived of its base, it gets T n+1k+1 \ T kk+1 = Cn+1k+1 .
Similarly, (c ∗ T n,lk ) \ {c} = (c ∗ T nk ) \ (c ∗ T lk) = T n+1k \ T l+1k = T n+1,l+1k . And if the cone is
deprived of its base T n,nk , we get T
n+1
k+1 \ T l+1k+1 = T n+1,l+1k+1 .
2.2 Morse tilings
We now introduce Morse tilings of finite simplicial complexes, or more generally of Morse
tileable sets. For a definition of simplicial complexes, see for instance [13]. The relation
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between Morse tilings and discrete Morse theory is discussed in § 3.
Definition 2.8. A subset S of a finite simplicial complex K is said to be Morse tileable
iff it admits a partition by Morse tiles such that for every j ≥ 0, the union of tiles of
dimension greater than j is the intersection with S of a simplicial subcomplex of K. It is
Morse tiled iff such a partition, called a Morse tiling, is given. The dimension of S is then
the maximal dimension of its tiles.
The dimension of a Morse tileable set does not depend on the tiling, for it is also
the maximal dimension of the open simplices contained in S. The trivial partition of a
simplicial complex by open simplices is not a Morse tiling, though open simplices are Morse
tiles. Recall that Proposition 2.1 provides in particular a partition of the boundary ∂∆n+1
which contains each basic tile T nk , k ∈ {0, . . . , n+ 1}, exactly once. This is a Morse tiling
of a triangulated sphere, even an h-tiling by Definition 2.11, with one critical tile of index
0 and one critical tile of index n. Our aim is to prove Theorem 1.3, up to which every
closed manifold of dimension less than four has a Morse tileable triangulation.
Definition 2.9. Let S be a Morse tiled set. A subset S ′ of S is said to be a Morse tiled
subset iff it is a union of Morse tiles and there exists a subcomplex L of a finite simplicial
complex K such that S ⊂ K and S ′ = S ∩ L.
By definition thus, if S is a Morse tiled set, then for every j ≥ 0, the union of its tiles
of dimension greater than j is a Morse tiled subset of S.
Corollary 2.10. Let S be a Morse tileable set. Then, all its skeletons are Morse tileable.
Moreover, given a Morse tiling on S, there exist Morse tilings on its skeletons S(i), i ≥ 0,
such that every tile of S(i) is contained in a tile of S(i+1).
Proof. By definition, S is a subset of a finite simplicial complex K. Let n be the dimension
of S and let a Morse tiling be given. By Propositions 2.3 and 2.6, the (n− 1)-skeleton of
every n-dimensional tile of S admits a partition by Morse tiles. Then, the union of tiles of
S of dimension less than n with the ones given by these partitions induces a partition of
S(n−1) with tiles which are either tiles of S(n) = S or contained in such tiles. Moreover, by
construction, for every j ∈ {0, . . . , n−1}, the union of tiles of dimension greater or equal to
j in this partition is the intersection of K(n−1) with the union of tiles of dimension greater
or equal to j in S. Since the latter is by definition the intersection with S of a subcomplex
L of K, the former is the intersection with S of the complex of L(n−1), so that S(n−1) is
Morse tileable. The result is then obtained by induction, replacing S with S(n−1).
We prove in § 2.4 that the first barycentric subdivision of a Morse tileable set is also
Morse tileable, see Corollary 2.20, so that the class of Morse tileable sets is stable under
barycentric subdivisions and skeletons, proving Theorem 1.1. We already introduced in
[15] a notion of tileable simplicial complexes sharing the same properties. Let us recall and
slightly generalize this subclass of Morse tileable simplicial complexes.
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Definition 2.11. A subset S of a finite simplicial complex K is said to be h-tileable iff it
admits a partition by basic tiles such that for every j ≥ 0, the union of tiles of dimension
greater than j is the intersection with S of a simplicial subcomplex of K. It is h-tiled iff
such a partition, called an h-tiling, is given.
Definition 2.11 extends the definition given in § 4.2 of [15] where only simplicial com-
plexes and basic tiles of the same dimension are admitted. Such a tiling is now called an
h-tiling to avoid confusion with Morse tilings and due to its close relation with h-vectors
discussed in § 4.2 of [15], see § 2.5.
Corollary 2.12. Let S be an h-tileable set. Then, all its skeletons are h-tileable. Moreover,
given an h-tiling on S, there exist h-tilings on its skeletons S(i) such that every tile of S(i)
is contained in a tile of S(i+1). 
Corollary 2.13. Let S be an h-tileable set, then so is its first barycentric subdivision
Sd(S). 
The proofs of Corollaries 2.12 and 2.13 have already been given in [15] in the case only
simplicial complexes and tiles of the same dimension are involved. Since they are similar
to the ones of Corollaries 2.10 and 2.20, we do not repeat them.
2.3 Morse shellability
We now introduce another subclass of Morse tileable sets, the Morse shellable ones, which
plays a role in §3.
Definition 2.14. A subset S of a finite simplicial complex K is said to be Morse shellable
(resp. shellable) iff there exists a Morse tiling on S and a filtration ∅ ⊂ S1 ⊂ . . . ⊂ SN = S
by Morse tiled subsets of S such that for every i ∈ {1, . . . , N}, Si \ Si−1 is a single Morse
tile (resp. basic tile).
A finite simplicial complex K is classically said to be shellable iff there exists an ordering
σ1, . . . , σN of its maximal simplices such that for every i ∈ {2, . . . , N}, σi ∩ (∪i−1j=1σj) is of
pure dimension dimσi − 1, see Definition 12.1 of [10] for instance. This means that each
simplex σ1, . . . , σN is not a proper face of a simplex in K and every simplex in σi∩(∪i−1j=1σj),
i ∈ {2, . . . , N}, is a face of a (dim σi − 1)-dimensional one in this intersection. Definition
2.14 extends this classical notion of shellability. Indeed.
Lemma 2.15. A finite simplicial complex is shellable in the sense of Definition 2.14 iff it
is shellable.
Proof. Let K be a finite simplicial complex which is shellable in the sense of Definition
2.14. There exists then a filtration ∅ ⊂ K1 ⊂ . . . ⊂ KN = K of K by finite simplicial
complexes together with an h-tiling on K such that for every i ∈ {1, . . . , N}, Ki \ Ki−1
is a single basic tile Ti. Let σi be the closure of Ti in K. Then, σi ∩ (∪i−1j=1σj) is of pure
dimension dimσi − 1 by Definition 2.2. Moreover, σi cannot be a proper face of a simplex
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in K by Definition 2.11, since otherwise the union of tiles of dimensions greater than dim σi
would not be a simplicial subcomplex of K.
Conversely, let us now assume that K is a shellable simplicial complex, so that there
exists an ordering σ1, . . . , σN of its maximal simplices such that for every i ∈ {2, . . . , N},
σi ∩ (∪i−1j=1σj) is of pure dimension dimσi − 1. This means that σi ∩ (∪i−1j=1σj) is a union of
facets of σi so that Ti = σi \ (∪i−1j=1σj) is a basic tile. These tiles provide a partition of K
and we have to prove that for every j ≥ 0, the union of tiles of dimension greater than j
is a simplicial subcomplex of K. We proceed by induction on i ∈ {1, . . . , N}. For i = 1,
there is nothing to prove. Assume now that the union unionsqi−1j=1Tj is an h-tiling of Ki−1. Then,
each open facet of σi has to be contained in a tile of dimension at least dimσi in Ki−1,
since otherwise it would be the interior of one of the tiles Tj, j < i, and σj would be a
proper face of σi, a contradiction. Since by induction the union of tiles of dimensions at
least dimσi in Ki−1 is a simplicial subcomplex of Ki−1, the same holds true then for the
union of tiles of dimensions at least dimσi in Ki, which is a simplicial subcomplex of Ki.
The result follows.
We may now revisit Propositions 2.3 and 2.6.
Lemma 2.16. The codimension one skeletons of Morse tiles are Morse shellable.
Proof. The (n−1)-skeleton of a closed n-simplex is well known to be shellable. A shelling is
given by Proposition 2.1, where the order of the simplices of ∂∆n = T
n−1
0 unionsq. . .unionsqT n−1n is given
by the order of the tiles in the sense of Definition 2.2. If the Morse tile is basic, isomorphic
to T nk , then by Proposition 2.1, the (n− 1)-skeleton of T nk is shelled by T n−1k unionsq . . . unionsq T n−1n ,
again ordering the tiles by increasing order in the sense of Definition 2.2. Finally, if the
Morse tile is not basic, isomorphic to T n,lk = T
n
k \ T lk with k − 1 ≤ l < n− 1, the (n− 1)-
skeleton of T n,lk is likewise shelled by T
n−1,l
k unionsq T n−1k+1 unionsq . . . unionsq T n−1n .
Theorem 2.17. Let S be a Morse shellable set. Then, all its skeletons are Morse shellable.
Moreover, given a Morse shelling on S, there exist Morse shellings on its skeletons S(i), i ≥
0, such that every tile of S(i) is contained in a tile of S(i+1).
Proof. Let S be equipped with a Morse shelling. By Definition 2.14, there exists a filtration
∅ ⊂ S1 ⊂ . . . ⊂ SN = S by Morse tiled subsets of S such that for every i ∈ {1, . . . , N},
Si \Si−1 is a single Morse tile. Let n be the dimension of S, it is enough to prove this result
for the (n − 1)-skeleton of S, since replacing S by S(n−1) we get the result by decreasing
induction.
We proceed by induction on i ∈ {1, . . . , N}. If i = 1, S1 is a single Morse tile and its
(n− 1)-skeleton is shellable by Lemma 2.16. Let us assume now that this result holds true
for Si−1 and prove it for Si. By the induction hypothesis, the skeleton S
(n−1)
i−1 is shellable
and by Lemma 2.16, the (n − 1)-skeleton of the Morse tile Si \ Si−1 is shellable as well.
Then, the concatenation of these shellings provides a shelling of S
(n−1)
i . Indeed, for every
j ≥ 0, the union of tiles of dimension greater than j in this concatenation is the intersection
with Si of the (n− 1)-skeleton of Lj, where Lj is a subcomplex of a complex K containing
S such that the union of tiles of dimension greater than j in S is the trace Lj ∩ S.
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We likewise prove in § 2.4 that barycentric subdivisions of Morse shellable sets are
Morse shellable, see Corollary 2.20.
2.4 The tiling theorem
For every Morse tile T = ∆n\(σ1∪. . .∪σk∪τ), we set Sd(T ) = Sd(∆n)\
(∪ki=1Sd(σi)∪Sd(τ)),
where Sd(∆n) denotes the first barycentric subdivision of ∆n, see [13].
Theorem 2.18. The first barycentric subdivision of every Morse tile T is Morse shellable,
shelled by tiles of the same dimension as T . Moreover, such a Morse shelling can be chosen
such that it contains a critical tile iff T is critical and this critical tile is then unique of
the same index as T .
The fact that the first barycentric subdivision of a basic tile is tileable has already been
established in [15] and Theorem 2.18 also recovers the fact that Sd(∆n) is shellable, see
Theorem 5.1 of [2].
Proof. Let us first prove the result for basic tiles by induction on their dimension n > 0. If
n = 1, the partitions Sd(T 10 ) = T
1
0 unionsq T 11 , Sd(T 11 ) = 2T 11 and Sd(T 12 ) = T 11 unionsq T 12 are suitable
with the filtration S1 = T
1
0 and S2 = Sd(T
1
0 ), see Figure 1.
Sd(T 10 )Sd(T
1
1 )Sd(T
1
2 )
Figure 1: Tilings of subdivided one-dimensional tiles.
Now, let us assume that the result holds true for r ≤ n−1 and let us prove it for r = n.
From Proposition 2.1 (see also Corollary 4.2 of [15]), ∂∆n has a partition
⊔n
k=0 T
n−1
k which
is such that for every r ∈ {0, . . . , n}, ⊔rk=0 T n−1k is a subcomplex of ∂∆n covered by r + 1
tiles. We equip Sd(∂∆n) =
⊔n
k=0 Sd(T
n−1
k ) with the partition by basic tiles given by the
induction hypothesis. There exists a filtration L1 ⊂ . . . ⊂ L(n+1)! = Sd(∂∆n) such that
for every j ∈ {1, . . . , (n + 1)!}, Lj is a subcomplex which is the union of j tiles of the
partition. Indeed, if Ski is the filtration of Sd(T
n−1
k ) given by the induction hypothesis,
k ∈ {0, . . . , n}, i ∈ {1, . . . , n!}, we set for every j = kn! + i, Lj =
⊔k−1
r=0 T
n−1
r unionsq Ski , which
is a subcomplex by the induction hypothesis. Then, Sd(∆n) gets a partition by cones over
the tiles of Sd(∂∆n) centered at the barycenter of ∆n where all the cones except the one
over T n−10 are deprived of their apex. From Proposition 2.1 this partition induces a shelling
of Sd(∆n) = Sd(T
n
0 ) with a unique tile of order zero and no other critical tile, the cones
over the filtration (Lj)j∈{1,...,(n+1)!} providing the shelling. For every k ∈ {1, . . . , n+ 1}, we
equip Sd(T nk ) = Sd(∆n)\unionsqk−1j=0Sd(T n−1j ) with the shelling induced by removing the bases of
all the cones over the tiles included in
⊔k−1
j=0 Sd(T
n−1
j ) ⊂ Sd(∂∆n) in the preceding shelling.
From Proposition 2.1, these cones deprived of their bases are basic tiles so that we get as
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well a shelling of Sd(T nk ) which, as in [15], has no more basic tile of order zero as soon as
k > 0 and gets a unique basic tile of order n + 1 when k = n + 1. The result is proved in
the case of basic tiles.
Let us now prove the result for non-basic tiles T n,lk . The shelling of Sd(T
n,l
k ) is again
induced by the one of Sd(∆n). We obtained the shelling of Sd(T
n
k ) by considering the cones
deprived of their bases for every tile of the tiling of Sd(T n−1j ) with 0 ≤ j < k. Among the
(n+ 1)! tiles belonging to the tiling of Sd(T nk ), n! are cones deprived of their apex over the
tiles of the tiling of Sd(T n−1k ) and by induction, for every k−1 ≤ l ≤ n−1, (l+1)! of them
are iterated cones over the tiles of the tiling of Sd(T lk). If l = k − 1, the tiling of Sd(T k−1k )
contains a unique tile T k−1k =
◦
∆k−1 together with tiles T k−1m with 0 < m < k by the previous
case. Hence, the k! tiles of the tiling of Sd(T nk ) which intersect Sd(T
k−1
k ) ⊂ Sd(T nk ) consist
of a tile T nk and tiles T
n
m with 0 < m < k by Proposition 2.1. The Morse tiling induced on
Sd(Cnk ) = Sd(T
n
k ) \ Sd(T k−1k ) hence consists of a tile Cnk = T nk \ T k−1k together with tiles
T n,k−1m = T
n
m \ T k−1m with 0 < m < k and tiles T nm with 0 < m ≤ n. As before, this Morse
tiling is a Morse shelling, the Morse shelling being obtained by concatenation. Finally, if
l ≥ k, the shelling of Sd(T lk) contains tiles T lm with 0 < m ≤ l. The (l+1)! tiles of the tiling
of Sd(T nk ) which intersect Sd(T
l
k) ⊂ Sd(T nk ) thus consist of tiles T nm with 0 < m ≤ l by
Proposition 2.1, they are iterated cones of the previous ones. The Morse shelling induced
on Sd(T n,lk ) = Sd(T
n
k ) \ Sd(T lk) hence consists of tiles T n,lm = T nm \ T lm with 0 < m ≤ l and
of tiles T nj with 0 < j ≤ n.
Remark 2.19. 1. We actually proved that the regular Morse tiles involved in the par-
tition of Sd(Cnk ) are either basic, or isomorphic to T
n,k−1
m with 0 < m < k. Likewise,
the tiles involved in the partition of Sd(T n,lk ) are either basic or isomorphic to T
n,l
m
with 0 < m ≤ l.
2. Theorem 2.18 also extends to subsets T n,l0 = T
n
0 \ T l0 with the same proof, but these
have not been declared to be Morse tiles in Definition 2.4 and thus have been excluded.
3. One may check that Sd(C32) does not admit any partition involving only critical Morse
tiles and basic tiles so that non-basic regular Morse tiles are needed to get Theo-
rem 2.18.
Corollary 2.20. Let S be a Morse tileable (resp. shellable) set, then so is its first barycen-
tric subdivision Sd(S). Moreover, given a Morse tiling (resp. shelling) on S, any induced
tiling (resp. shelling) on Sd(S) contains the same number of critical tiles with the same
indices.
Proof. Let us first assume that S is a Morse tileable subset of a finite simplicial complex
K. In order to equip Sd(S) with a Morse tiling, we first equip S with a Morse tiling and
then, for each of its tile T , equip Sd(T ) with a Morse tiling given by Theorem 2.18. It is
indeed a tiling since for every j ≥ 0, the union of tiles of dimension greater than j of Sd(S)
is the first barycentric subdivision of the union of tiles of dimension greater than j of S,
so that if the latter is the intersection with S of a subcomplex Lj of K, then the former is
the intersection with Sd(S) of the subcomplex Sd(Lj) of Sd(K).
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Let us now prove that the barycentric subdivision of S is shellable, provided S is. Let
then S be equipped with a Morse shelling. By Definition 2.14, there exists a filtration
∅ ⊂ S1 ⊂ . . . ⊂ SN = S by Morse tiled subsets of S such that for every i ∈ {1, . . . , N},
Si \ Si−1 is a single Morse tile. We proceed by induction on i ∈ {1, . . . , N}. If i = 1,
S1 is a closed simplex and the result follows from Theorem 2.18. Let now the result be
proved up to the rank i− 1. Then Si \ Si−1 is a Morse tile and we get a shelling of Sd(Si)
by concatenation of the shelling of Sd(Si−1) with the shelling of Sd(Si \ Si−1) given by
Theorem 2.18, as in the proof of Theorem 2.17. By Theorem 2.18, these induced tiling
(resp. shelling) on Sd(S) contain the same number of critical tiles of the same indices as
the one of S. Hence the result.
2.5 Packings and h-vectors
When an h-tiling T of a finite h-tileable simplicial complex K only involves tiles of the
same dimension n, we may encode the number of tiles of each order into the h-vector
h(T ) = (h0(T ), . . . , hn+1(T )) of the tiling, see Definition 4.8 of [15]. Then, by Theorem
4.9 of [15], two h-tilings T and T ′ of K have the same h-vectors provided h0(T ) = h0(T ′)
and if moreover h0(T ) = 1, this h-vector h(T ) coincides with the h-vector of K by Corollary
4.10 of [15], see also [9, 19] for a definition. In particular, h-tilings provide in this situation
a geometric interpretation of the h-vector as the number of tiles of each order needed to
tile the complex. A part of these results remains valid in the case of Morse tilings. Namely,
for every Morse tiling T on a Morse tileable set, let us denote by hj0(T ) (resp. hj1(T )) the
number of basic tiles of dimension j and order zero (resp. order one) contained in T , j ≥ 0.
Proposition 2.21. Let T be a Morse tiling on an n-dimensional Morse tileable set S.
Then,
∑n
j=0(j + 1)h
j
0(T ) + h1(T ) = f0(S), where h1(T ) =
∑n
j=0 h
j
1(T ) and f0(S) denotes
the number of vertices of S.
Proof. By Propositions 2.3 and 2.6, the only Morse tiles which contain vertices are basic
tiles of order zero and one. The former contain j + 1 vertices if they are of dimension j
while the latter contain a single vertex, whatever their dimension is. Counting the number
of vertices of S by using the partition T , we deduce the result.
Corollary 2.22. Let T and T ′ be two Morse tilings on a Morse tileable set which contain
only tiles of the same dimension. Then, h0(T ) = h0(T ′) if and only if h1(T ) = h1(T ′). 
As in §5 of [15], Morse tilings can be used to produce packings by disjoint simplices in
Morse tileable sets.
Proposition 2.23. Let T be a Morse tiling on a Morse tileable set S. Then, it is possible
to pack in Sd(S) a disjoint union of simplices containing, for every j ≥ 0, at least hj0(T ) +
hj1(T ) j-dimensional ones.
Proof. A basic tile T ⊂ ∆j of order zero or one contains at least one vertex v and a j-
simplex of Sd(∆j) containing v is contained in Sd(T ). A choice of such a simplex for each
subdivided basic tile of order zero or one provides a suitable packing.
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The packings given by Proposition 2.23 have non-trivial asymptotic under a large num-
ber of barycentric subdivisions. Indeed, assume for instance that the Morse tiling T only
contains tiles of the same dimension n. Then, by Theorem 2.18, h0(Sd
d(T )) is constant,
so that by Proposition 2.21, h0(Sd
d(T )) +h1(Sdd(T )) ∼d→+∞ f0(Sdd(S)), while by [3] (see
also [6, 16]), f0(Sd
d(S))
fn(S)(n+1)!d
converges to a positive limit q0 as d grows to +∞, where fn(S)
denotes the number of n-dimensional tiles of S. Proposition 2.23 makes it possible to
pack at least a number of disjoint n-simplices in Sdd(S) asymptotic to q0fn(S)(n + 1)!
d−1
as d grows to +∞. Such packings where used in [15] to improve upper estimates on the
expected Betti numbers of random subcomplexes in a simplicial complex K. More general
packing results are obtained in § 5 of [15], where simplices are allowed to intersect each
other in low dimensions.
3 Morse tileable triangulations and discrete Morse
theory
3.1 Discrete Morse theory
Let us recall few notions of the discrete Morse theory introduced by Robin Forman, see
[8]. Let K be a finite simplicial complex. For every p ≥ 0, we denote by K [p] its set of
p-simplices and for every τ, σ in K, τ > σ means that σ is a face of τ .
Definition 3.1 (Page 91 of [8]). A function f : K → R is a discrete Morse function iff
for every p-simplex σ of K [p], the following two conditions are satisfied:
1. #{τ ∈ K [p+1] | τ > σ and f(τ) ≤ f(σ)} ≤ 1,
2. #{ν ∈ K [p−1] | ν < σ and f(ν) ≥ f(σ} ≤ 1.
Definition 3.2 (Definition 9.1 of [8]). A discrete vector field on a simplicial complex K is
a map W : K → K ∪ {0} such that:
1. ∀p ≥ 0, W (K [p]) ⊂ K [p+1] ∪ {0}.
2. For every σ ∈ K [p], either W (σ) = 0 or σ is a face of W (σ).
3. If σ ∈ Im(W ), then W (σ) = 0.
4. For every σ ∈ K [p], #{v ∈ K [p−1] |W (v) = σ} ≤ 1.
Definition 3.3 (Remark on page 131 of [8]). A critical point of a discrete vector field W
on a simplicial complex K is a simplex σ ∈ K such that W (σ) = 0 and σ /∈ Im(W ).
We set the index of a critical point σ of a discrete vector field W to be the dimension
of σ.
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Definition 3.4 (Definition 6.1 of [8]). The gradient vector field of a discrete Morse function
f : K → R is the discrete vector field Wf : K → K ∪ {0} such that for every p-simplex
σ ∈ K, Wf (σ) = 0 if there is no (p+ 1)-simplex τ such that τ > σ and f(τ) ≤ f(σ) while
Wf (σ) = τ otherwise.
Remark 3.5. The gradient vector field is actually defined on oriented simplices in [8] and
Definition 3.4 should rather read Wf (σ) = −〈∂τ, σ〉τ in case τ > σ and f(τ) ≤ f(σ).
However, orientations do not play any role throughout this paper.
Definition 3.6 (Definition 9.2 of [8]). Let W be a discrete vector field. A W -path of
dimension p is a sequence of p-simplices γ = σ0, σ1, . . . , σr such that:
1. If W (σi) = 0, then σi+1 = σi.
2. If W (σi) 6= 0, then σi+1 6= σi and σi+1 < W (σi) (i.e. σi+1 is a facet of W (σi)).
The path γ is said to be closed iff σr = σ0 and to be non-stationary iff σ1 6= σ0.
Remark 3.7. These Definitions 3.1 - 3.6 are given in [8] in the more general setting of
regular CW-complexes rather than simplicial complexes. They extend to Morse tiled sets
in the sense of Definition 2.8 as well, replacing simplices by their interiors.
Theorem 3.8 (Theorem 9.3 of [8]). Let W be a discrete vector field on a finite simplicial
complex. There is a discrete Morse function f for which W is the gradient vector field if
and only if W has no non-stationary closed paths. Moreover, for every such W , f can be
chosen to have the property that if a p-simplex is critical, then f(σ) = p.
A Morse function given by Theorem 3.8 is said to be self-indexing. We finally recall
that the critical points of a discrete Morse function on a finite simplicial complex span a
chain complex which computes its homology, see Theorem 7.3 of [8].
3.2 Compatible discrete vector fields
We are now going to prove that a Morse tiled set carries natural discrete vector fields
compatible with the tiling, since every Morse tile carries natural discrete vector fields, see
Remark 3.7.
Proposition 3.9. For every n ≥ 0, every k ∈ {0, . . . , n + 1} and every decomposition
T nk = T
n−1
k unionsq. . .unionsqT n−1n unionsqT nn+1 given by Proposition 2.1, the tile T nk has a discrete vector field
W nk such that W
n
k (T
n−1
n ) = T
n
n+1 and such that for every l ∈ {k . . . , n − 1} the restriction
of W nk to T
n−1
l coincides with one vector field W
n−1
l . Such a vector field has no critical
point if 0 < k < n + 1, a unique critical point of index zero if k = 0 and a unique critical
point of index n if k = n+ 1.
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Proof. We proceed by induction on n. If n = 0, we set W nk = 0 for every k ∈ {0, 1}
and the result holds true. Let us suppose that the result is proved up to the dimension
n− 1 and prove it for the dimension n. Let then k ∈ {0, . . . , n + 1} and a decomposition
T nk = T
n−1
k unionsq . . . unionsq T n−1n unionsq T nn+1 be chosen (given by Proposition 2.1). If k = n + 1, we
set W nn+1 = 0 and the tile T
n
n+1 is critical of index n since it has no facet. Otherwise, we
set W nk (T
n−1
n ) = T
n
n+1 and for every l ∈ {k, . . . , n − 1} we set the restriction of W nk to
the tile isomorphic to T n−1l to be W
n−1
l through such an isomorphism. By the induction
hypothesis, it has no critical point, unless k = 0 where it has a unique critical point of
index zero.
Proposition 3.9 defines many discrete vector fields on the tile T nk , n ≥ 0, k ∈ {0, . . . , n+
1}, which have all been denoted by W nk . Indeed, such a vector field depends on the choice
of a partition T nk = T
n−1
k unionsq . . . unionsq T n−1n unionsq T nn+1, but also on a similar choice of a partition
of the (n − 1)-dimensional tiles T n−1k , . . . , T n−1n−1 and by induction, on such a choice of an
h-tiling on all skeletons of T nk , compare §2.1. In particular, for every face τ of ∆n not
contained in σ1 ∪ · · · ∪ σk, where T nk = ∆n \ (σ1 ∪ · · · ∪ σk) and dim τ = l ∈ { k, . . . , n− 2},
we may choose these partitions in such a way that τ \ (σ1 ∪ · · · ∪ σk) is a basic tile of order
k of the l-skeleton of T nk , which is thus preserved by W
n
k . Such a vector field W
n
k then
restricts to a discrete vector field on the complement T n,lk = T
n
k \ T lk.
Corollary 3.10. For every n ≥ 0 and every k ∈ {0, . . . , n}, the critical Morse tile Cnk
inherits from any vector field given by Proposition 3.9 a discrete vector field which has a
unique critical point of index k. Moreover, for every 0 < k ≤ l < n−1, the standard regular
Morse tile T n,lk inherits from any vector field given by Proposition 3.9 which preserves
T lk ⊂ T nk a discrete vector field without any critical point.
Proof. By Proposition 2.3, the k-skeleton of T nk is tiled by a unique tile T
k
k = T
k−1
k unionsq T kk+1
and by Proposition 3.9,W nk (T
k−1
k ) = T
k
k+1, for any vector filed W
n
k given by this proposition.
Thus, W nk induces a discrete vector field on C
n
k = T
n
k \ T k−1k , just by restriction. The tile
T kk+1 ⊂ Cnk is then critical since it is no more in the image of W nk , so that this vector field
on Cnk has a unique critical point of index k. Likewise, the vector field W
n
k of T
n
k preserves
T lk and thus restricts to a vector field on T
n,l
k = T
n
k \ T lk. By Proposition 3.9, it has no
critical point.
Definition 3.11. Let S be a Morse tiled set. A discrete vector field on S is said to be
compatible with the tiling iff it preserves the tiles and its restriction to each tile is given by
Proposition 3.9 or Corollary 3.10 via some affine isomorphism.
We deduce the following.
Theorem 3.12. Let K be a finite simplicial complex equipped with a Morse tiling. Then,
the critical points of any discrete vector field compatible with the tiling are in one-to-one
correspondence with the critical tiles, preserving the index. If moreover such a vector field
has no non-stationary closed paths, then it is the gradient vector field of a self-indexing
discrete Morse function on K whose critical points are in one-to-one correspondence, pre-
serving the index, with the critical tiles of the tiling.
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Proof. By Definition 2.8, the Morse tiling on K provides a partition of K by Morse tiles.
The vector fields given by Proposition 3.9 and Corollary 3.10 thus induce discrete vector
fields on K whose critical points are in one-to-one correspondance with the critical Morse
tiles, preserving the index. Now, Theorem 3.8 guarantees that such a vector field is the
gradient vector field of some discrete self-indexing Morse function on K provided that it
has no non-stationary path.
We finally provide a criterium which ensures that a compatible discrete vector field has
no non-stationary closed path. This criterium given by Theorem 3.14 applies to Morse
shellings, see Definition 2.14 and Corollary 3.15.
Lemma 3.13. Every discrete vector field given by Proposition 3.9 or Corollary 3.10 has
no non-stationary closed path in the corresponding Morse tile.
Proof. It is enough to prove the result for a basic tile T nk equipped with a discrete vector
field W nk given by Proposition 3.9, since vector fields given by Corollary 3.10 on non basic
Morse tiles are restriction of the formers, so that every path on a non basic Morse tile is
also a path on the corresponding basic tile, with the exception of the stationary path at
the critical point in the case of a critical Morse tile. We then prove the result by induction
on the dimension n of the tile. If n = 0, there is nothing to prove, every path is stationary.
Otherwise, let us choose a partition T nk = T
n−1
k unionsq . . .unionsqT n−1n unionsqT nn+1 given by Proposition 2.1
and an associated discrete vector field W nk . A path of dimension n of W
n
k is stationary,
since W nk (T
n
n+1) has to vanish. A path of dimension n−1 which begins with T n−1n continues
in one of the tiles T n−1k , . . . , T
n−1
n−1 and is then stationary as in the previous case. Any other
path is contained in one of the tiles T n−1k , . . . , T
n−1
n−1 , so that the result follows from the
induction hypothesis.
Theorem 3.14. Let K0 ⊂ K1 ⊂ . . . ⊂ KN = K be a filtration of Morse tiled finite
simplicial complexes such that for every i ∈ {1, . . . , N}, Ki \Ki−1 is a single Morse tile.
Let W be a compatible discrete vector field on K such that its restriction to K0 has no non-
stationary closed path. Then, W has no non-stationary closed path and it is the gradient
vector field of a discrete self-indexing Morse function on K.
Proof. We prove the result by induction on i ∈ {0, . . . , N}. If i = 0, the result holds true
by hypothesis. Let i > 0 and W be a discrete vector field on K compatible with the Morse
tiling and whose restriction to K0 has no non-stationary closed path. Then, Ki \Ki−1 is
reduced to a single Morse tile and by Lemma 3.13, it has no non-stationary closed path.
Now, a W -path on Ki is either contained in Ki \Ki−1, or it meets Ki−1 and cannot leave
Ki−1 once it entered in this subcomplex by definition. In both cases, from the induction
hypothesis, it cannot have any non-stationary closed path. Hence the result.
Corollary 3.15. Every discrete vector field compatible with a Morse shelling of a finite
simplicial complex is the gradient vector field of a discrete self-indexing Morse function.
Proof. From Theorem 3.14, any discrete vector field compatible with any Morse shelling
is the gradient vector field of a discrete Morse function, since its restriction to K0 = ∅ has
no non-stationary closed path. Hence the result.
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Some relations between discrete Morse theory and shellability have already been devel-
oped in [5].
3.3 Proof of Theorem 1.2
Proof. Let K be a finite simplicial complex homeomorphic to a closed surface, which
we may assume to be connected. We have to prove that there exists a filtration K1 ⊂
. . . ⊂ KN of Morse tiled simplicial complexes such that KN = K and such that for every
i ∈ {1, . . . , N}, Ki is the union of i Morse tiles, see Definition 2.14. In order to prove the
existence of the filtration, we proceed by induction on i > 0. If i = 1, we choose any closed
simplex in K and declare that K1 is this simplex, tiled by a single critical tile of index 0.
Let us assume by induction that we have constructed a tiled subcomplex Ki with i tiles. If
there exists an edge e in Ki which is adjacent to only one triangle of Ki, we know from the
Dehn-Sommerville relations that K contains a triangle T adjacent to e and not contained
in Ki. Then T \Ki is isomorphic to a triangle deprived from at least one face of dimension
one and thus at most one face of codimension greater than one, so that T \Ki is a Morse
tile by Definition 2.4. We set Ki+1 to be the union of Ki and T (together with its faces)
and equip it with the Morse tiling given by the one of Ki completed by T \ Ki. If now
all edges of Ki are adjacent to two triangles of Ki, let us prove that Ki = K. From the
Dehn-Sommerville relations, we know that every edge is adjacent to at most two triangles
of Ki. We observe that the link of every vertex in K is a triangulated circle, so that the
star of a vertex in K is a cone over a polygone, see Figure 2.
v
Figure 2: The star of a vertex v in K.
Let v be a vertex in K. Since the underlying topological space |K| is connected, there
exists a path v0, v1, . . . , vk such that v0 ∈ Ki, vk = v and for every j ∈ {0, . . . , k − 1},
[vj, vj+1] is and edge of K. Then, by construction, v0 is adjacent to a triangle of Ki and
since all edges of Ki are adjacent to two triangles, all triangles adjacent to v0 have to be in
Ki, see Figure 2. Thus v1 belongs to Ki as well and by induction, v belongs to Ki. Hence,
Ki contains all vertices of K and also all triangles and edges adjacent to them, so that
Ki = K. The proof is similar in dimension 1.
3.4 Morse tilings on triangulated handles
Recall that in topology, a handle of index i and dimension n is by definition a product of
an i-dimensional disk with an (n− i)-dimensional one, see § 6 of [14]. We likewise define a
handle of index i in discrete geometry to be the product of simplices ∆i ×∆n−i, or rather
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in what follows the product
◦
∆i × ∆n−i of an open simplex of dimension i with a closed
(n − i)-simplex, suitably triangulated. Our purpose is to define a Morse shelling on such
triangulated i-handle for i = 1 or n− 1, the general case being postponed.
Proposition 3.16. For every n ≥ 2, ∆1 × ∆n−1 has a subdivision into n simplices
σ1, . . . , σn of dimension n turning it into a shellable simplicial complex. Moreover, writing
∂∆1 = {0, 1}, it can be chosen in such a way that for every i ∈ {1, . . . , n}, dim(σi∩ ({0}×
∆n−1)) = n−i and dim(σi∩({1}×∆n−1)) = i−1. For every i ∈ {1, . . . , n}, the subcomplex
Kni = σ1 ∪ . . . ∪ σi inherits the h-tiling made of one basic tile of order zero and i− 1 basic
tiles of order one.
Proof. If n = 2, the square ∆1×∆1 is the union of two triangles meeting along a diagonal
and the result follows. If n > 2, let c be a vertex of {0} × ∆n−1 so that this simplex is
the cone c ∗ ({0} × ∆n−2) over its facet ∆n−2. Then, the convex domain ∆1 × ∆n−1 is a
cone centered at c over the base (∆1 × ∆n−2) ∪ ({1} × ∆n−1). By induction, the lateral
part ∆1 × ∆n−2 has a subdivision σ′1 ∪ . . . ∪ σ′n−1 such that for every i ∈ {1, . . . , n − 1},
dim(σ′i ∩ ({0} × ∆n−2)) = n − 1 − i and dim(σ′i ∩ ({1} × ∆n−2)) = i − 1 and such that
σ′1 ∪ . . . ∪ σ′i = T n−10 unionsq T n−11 unionsq . . . unionsq T n−11 . We then set, for every i ∈ {1, . . . , n − 1},
σi = c∗σ′i and σn = c∗ ({1}×∆n−1). The result follows, since ({1}×∆n−1)\ ({1}×∆n−2)
is isomorphic to T n−11 and the cone over a basic tile of order one remains a basic tile of
order one by Proposition 2.1.
Corollary 3.17. For every n ≥ 2, the handles ◦∆1 ×∆n−1, ∆1×
◦
∆n−1 and the product
T 11 ×∆n−1 inherit from Proposition 3.16 the structure of Morse shellable sets. Moreover,
for every i ∈ {1, . . . , n}, the subset Kni ∩(
◦
∆1 ×∆n−1) gets tiled by a disjoint union unionsqi−1j=0T n,j1 ,
Kni ∩ (∆1×
◦
∆n−1) by one critical tile of index n− 1 and (i− 1) basic tiles of order n and
Kni ∩(T 11×∆n−1) by basic tiles of order one, where Kni is the subcomplex given by Proposition
3.16.
Corollary 3.17 thus provides a Morse shelling on the triangulated one-handle
◦
∆1 ×∆n−1
(resp. on the triangulated (n − 1)-handle ∆1×
◦
∆n−1) containing a unique critical tile, of
index one (resp. of index n− 1).
Proof. By Proposition 3.16, for every i ∈ {1, . . . , n}, Kni = σ1∪ . . .∪σi = T n0 unionsqT n1 unionsq . . .unionsqT n1
and dim(σ1 ∩ ({0} × ∆n−1)) = n − 1, so that {0} × ∆n−1 is contained in σ1 and disjoint
from the tiles T n1 . Thus, K
n
i ∩ (T 11 × ∆n−1) = Kni \ ({0} × ∆n−1) inherits the h-tiling(
σ1 \ ({0} × ∆n−1)
) unionsqij=2 (σj \ Knj−1) made of i basic tiles of order one. The last part
of Corollary 3.17 is proved. By Proposition 3.16 now, ∆1 × ∆n−1 = σ1 ∪ . . . ∪ σn with
dim(σi ∩ ({1} ×∆n−1)) = i− 1 so that by induction on i ∈ {1, . . . , n}, the intersection of
{1}×∆n−1 with σi is a face of dimension i−1 not contained in σ1∪. . .∪σi−1∪({0}×∆n−1).
By Definition 2.4, the one-handle
◦
∆1 ×∆n−1 thus inherits the Morse tiling unionsqn−1j=0T n,jl made
of one critical tile Cn1 of index one and regular Morse tiles T
n,l
1 with l ∈ {1, . . . , n− 1} and
moreover for every i ∈ {1, . . . , n}, Kni ∩ (
◦
∆1 ×∆n−1) = unionsqi−1j=0(T n,j1 ).
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Let us finally, prove the result for the (n − 1)-handle ∆1×
◦
∆n−1 by induction on n.
For n = 2, it has already been proved in the first part. In general, as in the proof of
Proposition 3.16, let c be a vertex of {0} × ∆n−1 so that ∆1×
◦
∆n−1 is the union of the
cone c ∗ (∆1 × ∆n−2) over the lateral face deprived of its base and apex and the cone
c ∗ ({1}× ◦∆n−1) over the upper face. The latter is isomorphic to a standard tile T nn by
Proposition 2.1 while by the induction hypothesis, the former is the union of one critical
tile Cnn−1 = (c∗Cn−1n−2)\Cn−1n−2 and n−2 basic tiles T nn = (c∗T n−1n−1 )\T n−1n−1 , by Propositions 2.7
and 2.1. The same induction provides the result since for every i ∈ {1, . . . , n − 1}, Kni =
c ∗Kn−1i .
In dimension three, the tiled two-handle ∆1×
◦
∆2 given by Corollary 3.17 is obtained
from the triangulated three-ball ∆1×∆2 given by Proposition 3.16 by removing the cylinder
∆1× ∂∆2. The latter inherits a triangulation with six triangles. Each of these triangle has
an edge on the boundary composent {0} × ∂∆2 or {1} × ∂∆2 and the opposite vertex on
the opposite component, see Figure 3. Denoting by d the boundary component {0}× ∂∆2
and u the component {1}×∂∆2, this triangulation depicted in Figure 3 produces the cyclic
word w2 = ududdu while this cyclic word encodes in a unique way the triangulation up to
homeomorphisms preserving the boundary components and the orientation.
dd d
u u u
Figure 3: Triangulation on ∆1 × ∂∆2.
More generally, let us declare that a triangulation of an annulus A ∼= [0, 1] × R/Z is
simple iff each triangle has one edge on one boundary component of A and the opposite
vertex on the other boundary component.
Proposition 3.18. Simple triangulations of an annulus up to homeomorphisms preserving
the boundary components and the orientation are in one-to-one correspondance with finite
cyclic words in the alphabet {d, u} containing each letter at least once.
Proof. Let us encode one boundary component of the annulus by the letter d and the
other one by the letter u. A triangulation of the annulus is a homeomorphism with a
two-dimensional simplicial complex and if this triangulation is simple each triangle of this
complex has one edge mapped to some boundary component and thus encoded by either
d or u and the opposite vertex on the other component. We may join the middle points of
the two remaining edges by some arc in the triangle. The union of all these arcs then gives
a closed curve homotopic to the boundary components and choosing an orientation on this
curve, we read on it a finite cyclic word in the alphabet {d, u}. Each boundary component
has to contain at least one edge so that this cyclic word has to contain each letter at least
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once. Conversely, one may reverse the procedure to associate to every such cyclic word
a simple triangulation on the annulus, which is uniquely defined up to homeomorphisms
preserving the boundary components and the orientation.
Let us finally declare that a compression of two letters in a cyclic word in the alphabet
{d, u} is the replacement of a sequence dd (resp. uu) by the single letter d (resp. u), while
a transposition is the replacement of du (resp. ud) by ud (resp. du). We observe the
following proposition which will be useful in the proof of Theorem 1.3.
Proposition 3.19. It is possible to obtain w2 from any finite cyclic word in the alphabet
{d, u} containing at least three times each letter by applying finitely many compressions or
transpositions. 
3.5 Proofs of Theorem 1.3 and Corollary 1.4
We are now ready to prove Theorem 1.3. We begin by proving it in dimensions one and
two since the approach is the same as in dimension three, even though in these dimensions
the result follows from the existence of triangulations combined with Theorem 1.2.
Proof of Theorem 1.3. If n = 1, X is homeomorphic to the boundary of a finite union of
two-simplices. Such a homeomorphism defines a triangulation with the shelling T 10 unionsqT 11 unionsqT 12
given by Proposition 2.1 on each simplex. By Corollary 3.15, any vector field compatible
with this shelling is the gradient vector field of a discrete self-indexing Morse function. In
general, we know from Morse theory [4, 11, 14] thatX is obtained by successive attachments
of handles, that is it decomposes into finitely many sublevels, starting from the empty set
and ending with X in such a way that one passes from a sublevel to the next one by
attaching some handle. We can moreover start by attaching all 0-handles and end by
attaching all n-handles, see [4, 11]. We are going to prove the result by having each
sublevels being triangulated and equipped with a Morse tiling and by performing each
handle attachment by gluing a Morse tiled handle. Moreover, we will check that the
conditions of Theorem 3.14 are satisfied to get the result.
Let us now consider the case n = 2. We start with finitely many closed two-simplices
corresponding to the 0-handles we have to attach. We then add one after the other basic
tiles of order one on the boundary of these two-simplices, in order to get triangulated disks
with an increased number of edges on their boundaries so that one may find two edges on
each boundary component which are not faces of the same triangle. We then get a finite
union of triangulated balls equipped with a Morse shelling. We can now attach a one-
handle
◦
∆1 ×∆1 equipped with the Morse shelled triangulation given by Corollary 3.17 to
these balls and whatever the attachment is, the Morse shelling can be extended through the
handle. Namely, the shelled simplicial complex ∆1 ×∆1 equipped with the triangulation
given by Proposition 3.16 is attached to the boundary of the union of disks along ∂∆1×∆1
and we may attach both components of ∂∆1×∆1 to the same boundary component of these
disks, or not, since these have enough edges. We then get a triangulated two-manifold with
boundary equipped with a Morse shelling and may again attach one after the other basic
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tiles of order one along the boundary component of this manifold to increase the number
of edges in its triangulation. Then we may attach a second one-handle and repeating the
procedure, we may attach all one-handles to get a two-manifold with boundary equipped
with a Morse shelled triangulation. Each boundary component is then a triangulated
circle. If this circle has only three edges, we may directly glue the two-handle T 23 =
◦
∆2
unless all these edges are the faces of a triangle in which case we glue T 21 ∪ T 22 ∪ T 23 to get
the shelled triangulation of ∂∆3. If this circle has more than three edges, we attach basic
tiles of order two to the boundary component to decrease by one the number of edges in
this triangulation. At the end it is possible to add all two-handles
◦
∆2 to get a triangulated
manifold homeomorphic to M and equipped with a Morse shelling. The result again follows
from Corollary 3.15.
If n = 3, we may proceed in the same way to attach 0- and 1-handles. Namely, we
start by attaching all 0-handles at once, that is we start with finitely many closed three-
simplices and get a Morse shelled triangulated three-manifold with boundary. Given such
a Morse shelled triangulated three-manifold with boundary, we may attach one after the
other basic tiles of order one to its boundary components to get a new triangulation on
this three-manifold with boundary with an increased number of triangles on each boundary
components, see Lemma 3.25 of [14] (from the Dehn-Sommerville relations, the number
of triangles of any triangulated closed surface is even). This makes it possible to attach
a one-handle
◦
∆1 ×∆2 with the triangulation given by Corollary 3.17. As before, there is
no obstruction to perform any attachment in this way to get a new three-manifold with
boundary equipped with a Morse shelled triangulation. We now have to be able to attach
a two-handle.
Each boundary component of the three-manifold is homeomorphic to a closed surface
equipped with a (PL-)triangulation. The two-handle has to be attached along a tubular
neighborhood of a two-sided closed curve embedded in such a surface. Let C ′ be such a
closed curve embedded in a boundary component Σ of the three-manifold. By Theorem A1
of [7] it can be assumed to be the image of a PL-embedding of S1, deforming it by some
ambient isotopy if necessary. We may perform a large number of barycentric subdivisions
on the triangulation and isotope slightly C ′ to get a new curve C which does not contain
any vertex of the new triangulation, is transverse to the edges of the triangulation and
is such that for every triangle T , either C is disjoint from T , or C intersects T along a
connected piecewise linear arc joining two different edges, see Figure 4.
C
T
Figure 4: A piecewise-linear arc joining two edges.
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The union of all triangles meeting C is then a regular neighborhood homeomorphic to
an annulus ∆1×C equipped with a simple triangulation, that is such that all triangles have
an edge on the boundary component of ∂∆1×C and have the opposite vertex on the other
boundary component, see the end of §3.4. We may as in § 3.4 denote by d and u these
two boundary components of ∂∆1 × C and by Proposition 3.18 encode this triangulation
of ∆1 × C by a cyclic word in the alphabet {d, u}. Performing an additional barycentric
subdivision and isotopy on C if necessary, we may assume that this cyclic word contains
each letter at least once. Then, by attaching basic tiles of order one to Σ, we may get a
new triangulation and a new annulus such that the cyclic word is modified by duplicating
letters, namely the ones which encode the triangles on which the basic tiles are attached,
see Figure 5.
u u u
d d d
Figure 5: Duplication of a triangle.
We may thus assume that this cyclic word contains each letter at least three times.
Now, by attaching a basic tile of order two to Σ along two triangles encoded by dd or uu
(resp. by du or ud), we may get a new triangulation and a new annulus such that the
cyclic word is modified by the compression dd→ d of uu→ u (resp. by the transposition
du→ ud or ud→ du), see Figure 6 and the end of §3.4.
u
d d
u
Figure 6: Transposition of two triangles.
Performing such gluings finitely many times if necessary, we may assume by Proposition
3.19 that this cyclic word is just w2 = ududdu. Corollary 3.17 then provides a Morse
tiled two-handle that can be attached to the boundary component of Σ along such a
neighborhood of C. From Corollary 2.20, we know that performing barycentric subdivisions
to a Morse shellable simplicial complex, we still get a Morse shellable simplicial complex.
Corollary 3.17 then ensures that we may attach the two-handle given by Corollary 3.17
to get a new three-manifold with boundary equipped with a Morse shelled triangulation.
By induction, we can then perform all attachments of handles of indices 0,1 and 2 to get
a Morse shelled triangulated three-manifold with boundary whose boundary components
are homeomorphic to spheres. It remains to attach the three-handles to these boundary
components. Each boundary component Σ is homeomorphic to a two-sphere equipped
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with a triangulation. If this triangulation has just four vertices, we may directly glue the
three-handle
◦
∆3 unless all of these vertices are the vertices of a same three-simplex of
the three-manifold, in which case we attach T 31 unionsq T 32 unionsq T 33 unionsq T 34 to get a three-sphere with
the shelled triangulation of ∂∆4. If this triangulation has more than four vertices, we are
going to prove by induction that we can modify the triangulation to reduce the number
of vertices. Namely, if Σ contains a vertex v of valence greater than three, then there are
two triangles on Σ adjacent to v and which are not faces of the same three-simplex. We
can then attach a basic tile of order two along these two triangles to get a new Morse
shelled triangulation on the three-manifold with the same vertices but the valence of v has
decreased by one, see Lemma 3.25 of [14]. The two triangles form a triangulated square
and the triangulation has been modified by switching of diagonal in the square without
changing the set of vertices, see Figure 7.
v v
Figure 7: Decreasing the valence of a vertex.
By iterating this process, we can decrease the valence of v to three and moreover by
construction, the three triangles adjacent to v are not faces of the same three-simplex. We
can then attach a basic tile of order three to get a new triangulation on Σ with the same
vertices, but v, see Figure 8.
v
Figure 8: Removal of a vertex.
By induction, we can thus assume that all vertices on all the boundary components of
the three-manifold have valence three and moreover that the three triangles adjacent to
them are faces of the same three-simplex. The triangulation of the three-manifold with
boundary is equipped with a Morse shelling so that every compatible discrete vector field
has no non-stationary path by Corollary 3.15. Let now v be a vertex of valence three on
Σ such that the three triangles adjacent to it are faces of the same three-simplex. Then,
the tile covering the interior of this three-simplex has to contain the three triangles in its
boundary, so that it is either a basic tile of order one or a basic tile of order zero. In the
fist case, we may remove the basic tile to get a new triangulation with the same vertices
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on the boundary, but v. It is the same modification as in Figure 8. Any discrete vector
field compatible with this new Morse tiled triangulation has no non-stationary closed path
since such a closed path would be a closed path of the previous one. In the second case,
the boundary component of the three-manifold is just ∂∆3 and we glue T
3
1 unionsq T 32 unionsq T 33 unionsq T 34
to get a three-sphere with the shelled triangulation of ∂∆4. The result then follows from
Corollary 3.15.
Proof of Corollary 1.4. Let f be a discrete Morse function compatible with T . By Theo-
rem 3.12, the critical points of f are in one-to-one correspondence, preserving the index,
with the critical tiles of the tiling, so that for every k ∈ {0, . . . , n}, f has ck(T ) critical
points of index k. Theorem 7.3 of [8] then provides a chain complex which computes the
homology of X and which has dimension ck(T ) in grading k, it is the discrete Morse com-
plex. The result then follows from the classical Morse inequalities deduced from this chain
complex.
3.6 Final remarks
1. The critical points of the Morse functions given by Theorem 1.3 are in one-to-one
correspondence with the critical tiles of the tiling, preserving the index. It would be
of interest to prove Theorem 1.3 in any dimension.
2. The h-tiling of ∂∆2 made of three basic tiles of order one has no critical tile. Example
4.5 of [15] also provides h-tiled triangulations on the two-torus having no critical
tile, so that not every Morse tiling shares the property given by Theorem 1.3. In
these examples, every discrete vector field compatible with the tiling has closed non-
stationary path, so that by Theorem 3.8 they cannot be the gradient vector fields of
some discrete Morse functions.
3. By Lemma 2.5 and the additivity of the Euler characteristic, an even dimensional
closed manifold equipped with an h-tiled triangulation has non-negative Euler char-
acteristic. In particular, no triangulation on a closed surface of genus greater than
one is h-tiled. We do not know which closed three-manifold possess an h-tileable
triangulation.
4. The existence of triangulations on smooth manifolds is well known, see for example
[18], and topological closed manifolds of dimension less than four are known to have
a unique smooth structure, see [1, 12].
5. Given a PL-triangulation on a closed manifold, one gets a decomposition of the
manifold into triangulated handles, see Proposition 6.9 of [14]. However, such a de-
composition is far from being optimal and moreover the triangulations on the handles
are not standard, they depend on the manifold and the handle. The triangulation of
Theorem 1.3 can be obtained using any handle decomposition and the triangulations
given on each handle is then standard.
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6. The simplicial complex of dimension two made of the three triangles depicted in
Figure 9 is not Morse tileable. It would be of interest to exhibit a triangulated closed
manifold which is not Morse tileable.
Figure 9: A non Morse tileable simplicial complex.
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